Abstract-Price's theorem is derived for complex valued variates. The derivation differs from the existing derivation in two respects. First, the normal variates are not assumed to be circularly complex. Thus the result is more general. Second, the characteristic function of the complex variates is not used.
I. INTRODUCTION Nearly all theoretical results concerning normally distributed complex valued variates have been derived for a special class: circularly complex normal variates [1]- [4] . The complex Price theorem presented in [2] is no exception. Since Price's theorem is a key result in normal distribution theory, it is worthwhile to derive it for the general complex normal distribution [5] . This derivation is the purpose of this correspondence.
The complex Price theorem may be used for applications similar to those of its real counterpart. An example is the proof of Bussgang's theorem [6] . A further example is the computation of moments illustrated in Section IV of this correspondence. Examples of normally distributed complex valued variates that are not circularly complex are samples of a carrier amplitude modulated with normally distributed noise [3] .
The proof of Price's theorem presented in [2] uses the characteristic function of circularly complex variates and proceeds analogously to the proof of the original, real Price theorem [6] , [7] . The latter proof involves a number of real integrations by parts. For complex variates these change into integrations by parts of functions of complex variables over their real and imaginary parts. This complicates the proof.
In this correspondence, a derivation of the complex Price theorem is presented that avoids both the restriction to circularly complex variates and the complications associated with the use of the characteristic function. This is achieved by expressing the derivatives with respect to complex variables appearing in the complex Price theorem as derivatives with respect to the real-valued real and imaginary parts. Applying the usual, real Price theorem to these real derivatives completes the proof.
In Section I1 derivatives with respect to complex vector variables are introduced. A proof of the general complex Price theorem based on these derivatives is given in Section 111. In Section IV an example of the application of this theorem is given.
COMPLEX DERIVATIVES
In this section, partial derivatives of complex functions with respect to vector valued complex variables are introduced. They are used in the next section for the derivation of the complex Price theorem. 
where Cn = En + j q n , the superscript * denotes complex conjugation and = a. Then
where A E C2"x2" is ' the block diagonal matrix 
In this expression and in what follows, partial derivatives with respect to a row or column vector are defined as the row or column vector of partial derivatives with respect to the elements of the vector. Furthermore, since by (7) the derivative with respect to a complex variable is the conjugate of the derivative with respect to the conjugate of that variable, it follows from the transpose of (9) that Equations (9) and (10) will be the main tools in the derivation of Price's theorem for complex variates described in Section 111. 
is the covariance matrix of the vector w [6] , [7] . The (IC, Z)th element of the operator d/aC,, is defined as d / d c w k W l and the corresponding element of the operator a/dw(a/awT) as d2/dwkdwr. Sufficient conditions to be met by the real and imaginary part of the function g are described by Papoulis [ll] . Next, define the vector v E C Z N X 1 by
where zn = xn + jy,. Then
where A is defined by (4) and (5). Furthermore, the complex
Notice that the ( b , l)th element of Cv, is c,kul
Therefore, by (14) c,, = AC,,A~.
This result will now be used to transform the real Price's theorem (12) into a complex counterpart. For that purpose, (12) is premultiplied by $A* and postmultiplied by $AT, respectively
Then, applying (9) and (10) to both members of this expression yields
Combining this with (14) and (16) The Price theorem described by (19) and (20) has been derived without assumptions with respect to the covariances of the elements of U or, equivalently, with respect to those of the elements of w. It is therefore not restricted to circularly complex variates such as the complex Price theorem described in [2] . A further difference of the derivation of the Price theorem (1 9) and (20) from the derivation in [2] is that no use has been made of the characteristic function of the complex variates.
IV. AN EXAMPLE
If the matrices in (19) are partitioned in 2 x 2 blocks, corresponding blocks in the left-hand and the right-hand member are described by This result will now be used to compute, as an example, the fourthorder moments
From (21) 
